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the various combinations of experimental conditions 
that may be encountered. 

The foregoing analysis has uncovered diffraction- 
theoretical reasons to account for the observations of 
large relative changes of Borrmann-Lehmann fringe 
spacings produced by strain gradients too small to 
affect Pendellrsung spacings noticeably in a conven- 
tional topograph. In all but the most perfect crystals, 
Za/2Pz is unlikely to be small compared with unity. 
For example, if f arose from a uniform dilatation 
gradient normal to the Bragg planes, then a gradient 
as low as 10-6mm -1 would make Za-~0.1 when 
diffraction parameters similar to those operating in 
the experiments illustrated in § 4 applied. Then with 
small values of PE, about 0.1 say, changes in fringe 
spacing of order 100% would be produced. This 
analysis justifies the suggestion previously made 
(Lang et al., 1986) that experiments of the Borrmann- 
Lehmann interference type deserve serious consider- 
ation for development and application in crystal 
assessment work. The origin of the high sensitivity 
may be qualitatively pictured by an analogy with 
X-ray interferometry. It can be said that the action 
of combining rays OW and OQW, which take quite 
different paths through the distorted crystal, turns the 
specimen into its own interferometer. 
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Abstract 

In regard to X-ray diffraction, Langmuir-Blodgett 
(LB) films consisting of lipid bilayers represent a 
'one-dimensional crystal' with a very small number 
of unit cells in the direction of stacking. Such bounded 
systems yield X-ray diffraction diagrams which, in 
certain respects, contain more information than those 
of the conventional effectively infinite single crystals. 

0108-7673/90/030227-07503.00 

This additional information consists of the profiles 
of the broadened reflections and their dislocation 
from the reciprocal-lattice points. These profiles are 
specific for each different structure and hence enable 
the direct calculation of unambiguous electron- 
density distributions from a single set of intensity 
data. At first, the Q function (the generalized Patter- 
son function), i.e. the distance statistics of the struc- 
ture sought after is calculated from the intensity data. 

© 1990 International Union of Crystallography 
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Thereafter, the unambiguous convolution square root 
of the Q function must be determined, which is iden- 
tical to the unknown electron-density distribution. 
For this purpose two mathematically completely 
different methods were established and compared. 
They were applied to diffraction patterns of Lang- 
muir-Blodgett films of simple synthetic lipids with 
characteristic molecular subunits and showed iden- 
tical results within the experimental resolution. This 
verifies the structures and the methods to calculate 
them. Furthermore, all features of the simple struc- 
tures were compatible with the expectations. All one- 
dimensional electron-density distributions showed 
the common features of lipid bilayers. The charac- 
teristic molecular subunits can be recognized and 
reveal some interesting details. In general, they yield 
information about orientation, conformation and 
localization of molecular subunits and membrane 
components. 

I. Introduction 

The well known phase problem of crystallography 
has greatly hindered the structure determination of 
natural and artificial bilayer stacks (e.g. LB films) by 
X-ray diffraction. Different methods have been used 
to determine the signs of the lamellar reflections but 
all of them remain somewhat unsatisfactory: 

(a) The trial-and-error method to calculate 
intensities from electron-density models and to com- 
pare them with measured intensities (Worthington, 
1969) yields rather inexact results and one must know 
a good deal about the structure in advance. 

(b) The pattern-recognition approach of Luzatti, 
Tardieu & Taupin (1972) is just a systematized 
approach using the same method. 

(c) The heavy-atom method (Akers & Parsons, 
1970) is not applicable in all cases and biological 
membranes, in particular, can undergo structural 
changes with the introduction of heavy atoms. 

(at) The same uncertainty impairs the swelling 
technique (Worthington, King & McIntosh, 1973; 
Franks & Levine, 1981) which is, nevertheless, most 
widely used so far. By inserting water layers between 
the head-group layers an attempt is made to separate 
the overlapping Qo functions (Worthington, King & 
McIntosh, 1973; Franks & Levine, 1981; Hosemann 
& Bagchi, 1962) and to sample the continuous Fourier 
transform Fo of a single unit cell by measuring 
different states of swelling (Franks & Levine, 1981). 
At each zero point of F0 its sign changes and hence 
the signs of the reflections can be recognized. 

The bilayer structure itself must not be changed 
during the swelling process. Many measurements are 

necessary for the determination of one set of signs. 
Although the methods mentioned above have been 
applied successfully in certain cases (Akers & Par- 
sons, 1970; Franks & Lieb, 1979; Worthington, 
1973a, b; Tardieu, Luzatti & Reman, 1973; Franks, 

Arunachalam & Caspi, 1978) a quicker reliable 
method for the routine application was needed to 
determine the structures of a larger number of Lang- 
muir-Blodgett films. 

2. Theory 

A bounded structure can be described after Ewald 
(1940) in the following way: 

p(x)  = po(X) ' - ' [z(x)s(x)]  (1) 

x=coordinate  of the one-dimensional physical 
space; =symbol for convolution; p(x) = 
electron-density distribution; po(x) = electron- 
density distribution of a single unit cell; z(x)  = lattice 
peak function; s( x ) -- bounded shape function. 

This equation means that an infinite lattice peak 
function z(x) is multiplied with a bounded shape 
function s(x)  resulting in a lattice peak function 
which is now bounded too. Subsequently, the 
bounded lattice peak function is convoluted with the 
electron-density distribution Po of a single unit cell 
which is equivalent to putting together the unaltered 
unit cells. In this way a bounded structure is created 
which is periodic within its limits. 

i Z{x')--S(x • ) 

KAA 

F(x ' ) :  Fo {x')- [ Ztx"I--S(x ' ) ]  

"x,l, / ~ "x" 

I(xt)=lF(xJ')l 2 

) X • 

) X H 

Fig. 1. Emergence of broadened reflections with structure-specific 
profiles [the side maxima of the (sin x)/x type functions have 
been omitted; the calibrations of the ordinate axes are arbitrary]. 
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The Fourier transform of (1) is given by 

F(x*) = Fo(x*)[Z(x*)'-'S(x*)]. (2) 

x* = coordinate of the one-dimensional reciprocal 
space; F(x*)= Fourier transform of the structure 
p(x); Fo(x*)=Fourier  transform of the structure 
po(x) of a single unit cell; Z(x*) = Fourier transform 
of the lattice peak function z(x); S(x*)= Fourier 
transform of the shape function s(x). Z(x*) is a lattice 
peak function again. S(x*) is a function of the type 
(sin x/x). The smaller s(x), the broader S(x*) and 
vice versa, i.e. systems with only a few unit cells and 
a small shape function such as LB films will give 
broadened reflections compared to the reflections of 
effectively infinite single crystals (cf Fig. 1). This can 
be proved experimentally (Lesslauer & Blasie, 1972; 
Lesslauer, 1974b; von Frieling, 1989) and is the rea- 
son for the unambiguous relationship between the 
structure and the X-ray diffraction diagram because 
the S(x*) at each reciprocal-lattice point is multiplied 
with Fo(x*). Therefore, each function S(x*) has a 
characteristic profile and its centre of gravity is dislo- 
cated slightly from the reciprocal-lattice points (cf 
Fig. 1). The same is true for the X-ray reflections. 
Fo(X*), of course, is different for each structure and 
therefore the profiles of the reflections and their dislo- 
cations are structure specific. The continuous 
intensity distribution of a bounded system is different 
for each structure. Fig. 1 shows the emergence of 
broadened reflections [I(x*)] with a structure- 
specific profile. 

In larger systems (single crystals), where the shape 
functions are effectively infinite in atomic dimensions, 
the reflections become very sharp and their profiles 
are not detectable. 

By calculating the Fourier transform of the con- 
tinuous intensity distribution of only a few unit cells 
one does not obtain the ideally periodic Patterson 
function but the damped periodic Q function. The 
Patterson function is the borderline case for infinite 
structures of the general Q function (Hosemann & 
Bagchi, 1962). It was proved by Hosemann & Bagchi 
(1952, 1962) that the Q function of bounded cen- 
trosymmetric structures has a unique convolution 
square root which is the sought-after structure. Con- 
sequently, an unambiguous structure analysis of 
bounded centrosymmetric systems is possible with 
X-ray diffraction. LB films ideally fulfil this condition. 

3. Experimental and computational details 

3.1. Preparing and measuring the LB films 

LB films of 7-(2-anthryl)-l-heptanoic acid (2A7) 

HOOC 

and 3-[9-(10-dodecyl)anthryl]- 1-propionic 
(9,10A12) 

HOOC 

acid 

were formed as described elsewhere on a solution of 
CdC12 (Durfee, Storck, Willig &von Frieling, 1987). 
Films ofstearic acid (Sigma) were prepared on hydro- 
phobic glass slides (van der Auweraer & Willig, 1985) 
using a circular trough after Fromherz (1975). The 
monolayer was transferred from a subphase solution 
containing 3 x 10 -5 M BaC12 and 4 x 10 -4 M KHCO3 
at pH 7 at a constant surface pressure of 30 mN m -1 
and a transfer speed of 7.5 or 13 mm min -1 respec- 
tively. The pH was adjusted with HC1. The lipids 
were dissolved in CHC13 except for one LB film of 
barium stearate where petroleum ether was used. 

Low-angle X-ray diffraction was performed with a 
powder diffractometer. Cu Ks  (nickel filtered) radi- 
ation (A = 1.5418 A) was produced with accelerating 
voltages of 40 kV at 30 mA (2A7 and 9,10A12) and 
45 kV at 35 mA (stearic acid). Data were collected 
with a proportional counter by the 0-20 method and 
corrected for Lorentz and polarization effects after 
the method of Blaurock & Worthington (1966) in a 
way appropriate for planar multilayered structures: 

lc = hi,,,[ 1 + (cos 20)2]/2 (3) 

where Ic are the corrected intensities, I,, the measured 
intensities, h the order of reflection and 0 the Bragg 
angle.~ The scattering of the glass substrate was 
measured separately and subtracted. 

3.2. Direct calculation of electron-density distributions 

First, the inverse Fourier transformation of the 
continuous distribution of corrected intensities is 
calculated, yielding the Q function: 

Q(x)=(2 /d )~  Iccos(21rxh/d) (4) 
h 

where x is the coordinate normal to the membrane 
plane and d is the periodicity. 

To carry out the deconvolution of Q Hosemann & 
Bagchi proposed both a recursion method (1962) and 
a method using convolution polynomials (1952). They 
are very sensitive to experimental errors, however, 
and even to rounding errors of the computer. They 
were rarely applied with success (Kreutz, 1970; Les- 
slauer, Cain & Blasie, 1971; Lesslauer & Blasie, 1972). 
For this reason, Pape (1974) and Bradaczek & Luger 
(1978) independently developed two mathematically 
completely different procedures to calculate the con- 
volution square root. Pape (1974) uses the Q0 func- 
tion, the Q function of a single unit cell, which can 
be separated from the Q function (Kreutz, 1970; 
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Hosemann & Baghi, 1953), while Bradaczek & Luger 
(1978) directly use a period of the Q function. It was 
shown by von Frieling (1989) that the method of Pape 
can be applied to the Q function as well with the 
same result as for Q0. Both techniques use all values 
of one period of Q0 or Q, respectively, for the cal- 
culation of each value of the electron-density distri- 
bution and hence they are much more accurate 
than the recursion process of Hosemann & Bagchi 
(1962). 

Pape's procedure is a Fourier-analytical deconvol- 
ution method; it neglects the left-hand half of the 
centrosymmetric Qo function and describes the 
remaining asymmetric right-hand half by a Fourier 
series which is, of course, not real but has sine 
coefficients as well as cosine coefficients differing 
from zero. The sine coefficients are related to the 
cosine coefficients (with signs) and can be developed 
into a linear system of equations which yields the 
signs of the cosine coefficients as its solution (not the 
complete coefficients) and leads to one unit cell Po 
of the structure. 

The method of Bradaczek & Luger (1978) consists 
of the solution of the convolution integral (5) for 
p(x) by successive approximations: 

4. Results 

The measured LB films show seven to 43 sharp lamel- 
lar reflections depending on the kind of molecule and 
on the number of deposited bilayers, indicating their 
high state of order (Figs. 2-7). 

. . . .  i . . . .  i . . . .  ~ . . . .  i . . . .  i .  • i . . . .  i . . . .  i 

5 10 1S 20 25 30 35 40 
2 - t h e t a  [ d e g r e e s ]  

Fig. 2. X-ray diffraction pattern of five bilayers of 2A7 formed at 
a subphase pH of 4.9 and a transfer pressure of 18 mN m -1. The 
periodicity is 37.8 A. 

-4-oo 

Q ( x ) =  ~ p(v)p(v-x)dv (5) 
--CO 

x, v =coordinates of the one-dimensional physical 
space. Q°as well as p are expressed as sampled 
functions, point by point. Equation (5) is then com- 
prehended as a linear system of equations. An 
arbitrary first approximation of the unknown struc- 
ture is written as a matrix, inverted and multiplied 
with Q written as a vector. The result is a second 
approximation. 

Repetition of the procedure with the average of the 
first and the second approximation, of the second 
and the third approximation and so on leads to a 
very quickly converging refinement which is indepen- 
dent of the first approximation (Bradaczek & Luger, 
1978). Depending on the attainable resolution deter- 
mined by the experiment, four to six refinement cycles 
are absolutely enough. The closer the first approxima- 
tion is to the unknown structure, the faster is the 
refinement. We used a straight line as first approxima- 

tion with two higher values at its ends to simulate the 
head-group maxima. 

In summary, there exist two straightforward pro- 
cedures for the calculation of the electron-density 
distribution from only a single set of intensity data 
of bounded one-dimensional systems. In the follow- 
ing their first application to LB films is shown. Dr 
Pape kindly gave his deconvolution program to us, 
and the method of Bradaczek & Luger (1978) was 
programmed by us. Both programs were run on a 
VAX (Digital). 

0 . . . .  & . . . .  ~'0 . . . .  1 ' 5  2'0 . . . .  e ' 5  . . . .  3'0 ' 3 ' 5  . . . .  4 0  
2 - t h e L a  [ d e g r e e s ]  

Fig. 3. X-ray diffraction pattern of ten bilayers of 2A7 formed at 
a subphase pH of 4.9 and a transfer pressure of 21 mN m -1. The 
periodicity is 36/l. 

0 5 10 15 20 25 30 35 40 
2 -  thet.a [ d e g r e e s ]  

Fit 4. X-ray diffraction pattern of ten bilayers of 9,10A12 formed 
at a subphase pH of 4.9 and a transfer pressure of 21 mN m -1. 
The periodicity is 34/~t. 
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In Fig. 2 the X-ray diffraction pattern of  five 
bilayers of  2A7 is shown. Lamellar reflections up to 
the seventh order can be seen (first, fourth and sixth 
order missing), representing a bilayer periodicity of  
37.8 A. Fig. 3 shows the diffraction pattern of a ten- 

bilayer stack of  2A7 transferred at a higher surface 
pressure (highest observed order: tenth; missing: first, 
second, fourth, eighth and ninth order; d = 3 6  A). 
Fig. 4 depicts the diffraction pattern of  ten bilayers 
of  9,10A12 (highest observed order: eighth; missing: 
second and seventh order; d = 34/~) and Fig. 5 again 
the reflections of  ten bilayers of  the same substance 

A._._.A . . . .  

o . . . .  g . . . .  f O f s  2b . . . .  2 ' 5 3 ' o 3 ' 5 4 o  
2-theta [degrees] 

Fig. 5. X-ray diffraction pattern of  ten bilayers of  9,10A12 formed 
at a subphase pH of 6.0 and a transfer pressure of  21 mN m -t.  
The periodicity is 34-2/~. 

f 

o . . . .  ~ . . . .  fo . . . .  , ' 5  ~.'o z ' 5  3'o . . . .  3'~ . . . .  4 0  

x [A] 

Fig. 8. Electron-density distribution across a bilayer of  2A7 formed 
at a transfer pressure of  18 mN m -~ (resolution 5-4 A). 

o .... fo 2'o 3'0 4'0 ~'0 6'0 7'o S'O 9o 
2-theta [degrees] 

0 . . . .  5 . . . .  1 '0  . . . .  1 ' 5 " "  2 ' 0  . . . .  2 ' 5  . . . .  :3'0 . . . .  3 ' 5  . . . .  4 0  
x [A] Fig. 6. X-ray diffraction pattern of  85 bilayers of  barium stearate 

formed at a subphase pH of  7.0, a transfer pressure of  30 mN m -1 
and a transfer speed of  13 mm min-L Fig. 9. Electron-density distribution across a bilayer of  2A7 formed 

at a transfer pressure of  21 mN m -1 (resolution 3.6/~,). 

0 10 20 30 40 50 60 70 80 90 
2- the[a  [degrees] 

Fig. 7. X-ray diffraction pattern of  50 bilayers of  barium stearate 
formed at a subphase pH of 7.0, a transfer pressure of  30 mN m -l  
and a transfer speed of 7.5 mm min -t.  

Fig. 

0 . . . .  5 . . . .  t 'O  . . . .  1 '5 . . . .  2 ' 0  . . . .  2 ' 5  . . . .  3 ' 0  . . . .  3 5  

× [A1 

10. Electron-density distribution across a bilayer of  9,10A12 
formed at pH 4.9 (resolution 4.25 A). 
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transferred at a higher pH (highest observed order: 
eighth; missing: third, sixth and seventh order; d- -  
34.2 A). Figs. 6 and 7 impressively show the capability 
of the LB method. 85 bilayers of barium stearate give 
36 reflections, 50 bilayers of the same substance trans- 
ferred at a lower transfer speed even give 43 reflec- 

r 
';t [ 
i; 

~o 

.g 

0 . . . .  ,5 . . . .  t 'O  . . . .  1 '5  . . . .  2 ' 0  . . . .  2 ' 5  . . . .  3 ' 0  . . . .  3 5  
x rA1 

Fig. 11. Electron-density distribution across a bilayer of  9,10A12 
formed at pH 6-0 (resolution 4.28 A). 

0 .... £ i ' 0  i ' 5  2'0 ~'S 3'0 3'S ~,'6 4'5 So 
x fA1 

Fig. 12. Electron-density distribution across a bilayer of barium 
stearate at 1.34/~, resolution. The stearic acid was dissolved in 
petroleum ether. 

o .... ~ ,  ? 0  i ' 5  ~.'6 2'S 3'6 3's ~,'0 4 ' s  so 
rA1 

Fig. 13. Electron-density distribution across a bilayer of  barium 
stearate at 1.11 A resolution. The stearic acid was dissolved in 
CHCI 3 . 

tions. Figs. 8-13 show the corresponding relative elec- 
tron-density distributions normal to the bilayer plane. 
In each figure the result after the method of Pape 
(1974) (full curves) is compared to that after Bradac- 
zek & Luger (1978) (dotted curves). The electron- 
density distributions clearly indicate Y-type films 
(Blodgett, 1935) in all cases and show the common 
features of lipid bilayers, i.e. electron-density maxima 
in the head-group region and minima in the middle. 
Furthermore, the characteristic molecular subunits 
(aliphatic chains and anthracene residues) can be 
recognized and reveal some interesting details. 
Absolute values of electron density are not obtained 
because the zeroth-order reflection cannot be 
measured. 

5. Discussion 

First of all, the results of the methods of Pape (1974) 
and of Bradaczek & Luger (1978) are identical within 
the experimental resolution. In our opinion this indi- 
cates the correctness and reliability of the electron- 
density distributions (Figs. 8-13) because it is very 
improbable that two such different methods yield the 
same results in all cases if several solutions were 
possible. If both methods are applied to the convo- 
lution squares of arbitrary centrosymmetric model 
structures they yield results which are completely 
identical with each other and with the original elec- 
tron-density distribution (von Frieling, 1989). Fur- 
thermore, the calculated structures were compatible 
with the expectations. There were nearly constant 
electron densities in the regions of the aliphatic chains 
(reasons for the deviation in Fig. 12 are given below), 
pronounced maxima for the anthracene residues, 
minima in the middle of the bilayers and sharp elec- 
tron-density peaks in the cation regions. Using 
different easier cations, e.g. C a  2+, these peaks were 
much lower (not shown). The maxima at the origin 
indicate that there are no or only small water-cation 
layers between the head groups which cannot be seen 
at the respective resolution. With barium stearate 
there is no water included in the head-group region 
(Lesslauer & Blasie, 1972; Lesslauer, 1974a). 

The LB film of 2A7 prepared at a higher surface 
pressure had a smaller periodicity (Figs. 2, 3, 8 and 
9) probably because the molecules tilt against the 
plane normal in an effort to fill space more effectively. 
The periodicity of the preparation formed at a lower 
surface pressure (37.8 A) is ~reater than twice the 
length of a molecule (---36.2 A) suggesting that the 
molecules are in a linear conformation and oriented 
perpendicular to the bilayer plane. The difference can 
be explained by the gap in the middle and perhaps 
by a small water-cation layer in the head-group 
region. A tilted orientation of the molecules or of 
certain subunits in the former (ten-)bilayer stack (d = 
36/~, Fig. 9) is strongly supported by UV-visible 
spectroscopic measurements indicating an approxi- 
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mate 30 ° tilt angle for the anthracene residue (Durfee, 
Storck, Willig & v o n  Frieling, 1987). Indeed, the 
projection of the anthracene residue in Fig. 9 is smal- 
ler than in Fig. 8. The difference would be compatible 
with an approximate 30 ° tilt angle but it must be kept 
in mind that the resolutions of the two electron- 
density curves are different. 

Both diffraction patterns of the 9,10A12 bilayers 
(Figs. 4 and 5) show a lower state of order which 
manifests itself in broader and fewer peaks although 
the number of the bilayers is the same as for 2A7. 
This is because the structure of these molecules is 
disadvantageous for close packing. The 9,10A12 films 
have similar electron densities in the head-group 
region (Figs. 10 and 11). Therefore, the differences 
in the corresponding diffraction patterns must be 
caused by the different structures in the hydrophobic 
regions. The measured periodicities (34 or 34.2 ~,) 
are much smaller than twice the length of a molecule 
( -45 .2  A) but consistent with the measurements of 
Vincett & Barlow (1980). These researchers discuss 
in great detail whether the aliphatic chains inter- 
penetrate or randomly coil up. This question is easily 
answered by Figs. 10 and 11. Both happens but to a 
different extent depending on the pH value. In Fig. 10 
there is an additional maximum on each side of the 
central minimum apart from those due to the head 
groups and the anthracene residues. It is probably 
caused by 'coiled', disordered aliphatic chains. 
Nevertheless, a part of the fatty acid chains inter- 
penetrates as can be recognized by the broad 
minimum in the middle with constant electron 
density. If there were no interpenetration of the 
fatty-acid chains the central minimum would be 
much narrower and deeper. The disordered arrange- 
ment of the -CH2- chains is perhaps necessary to fill 
the space 'under' the bulky anthracene residues. 

At pH 6.0 (Fig. 11) obviously the interpenetration 
increases at the expense of the disordered conforma- 
tion. The corresponding maxima are much smaller 
and the central minimum has been lifted. This change 
of structure is presumably induced by a stronger 
coordination of the divalent cations (Cd 2÷) to the 
carboxyl groups at the higher pH. The general state 
of order is higher at pH 6. The width at half-height 
of the fifth-order reflection decreases from 6.0x 
10 -3 rad at pH 4.9 to 5.3 x 10 -3 rad at pH 6. Divalent 
cations generally increase the state of order in LB 
films (Blodgett, 1935; Blodgett & Langmuir, 1937). 

In the electron-density curves of the barium stearate 
bilayers (Figs. 12 and 13) even the barium layers, the 
carboxyl and the -CH2- groups can be seen separately 
(the resolution is 1.11 ~ in Fig. 13). The small wig- 
glings may be partly caused by Fourier series cut-off 
effects, too, but we consider these effects to be small 
because we measured a large number of reflections 
and the intensity of the highest-order reflections 
approaches zero. In Fig. 13 the hydrophobic region 

has the expected constant electron density while 
the electron density in Fig. 12 slightly increases 
approaching the centre of the bilayer. In the former 
case the stearic acid was dissolved in CHC13, in the 
latter in petroleum ether. Probably petroleum ether 
is included in the hydrophobic region of the bilayer 
in contrast to CHC13 which obviously evaporates 
completely. The inclusion of petroleum ether has been 
presumed before (Lesslauer & Blasie, 1972). The 
phases of the X-ray reflections of barium stearate 
bilayers determined in that work are the same as those 
found by us (alternating +, - ,  +, - , . . . ) ,  the electron- 
density distribution is compatible with ours at lower 
resolution. 

We thank Dr E. H. Pape for kindly giving his 
deconvolution program to us, Professor Dr F. Willig 
for placing 2A7 and 9,10A12 bilayers at our disposal 
and Mrs H. Bombosch for typing the manuscript. 
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